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Abstract

The main objective of this dissertation is to focus on a numerical study of inclined
magnetic field and higher order chemical reaction on the stagnation point nanofluid
flow past a porous surface with convective boundary condition. Impact of Joule
heating has also been incorporated. A mathematical model which resembles the
physical flow problem has been developed. Similarity transformations are used
to convert the partial differential equations (PDEs) into a system of nonlinear
ordinary differential equations (ODEs). Shooting method has been used to ob-
tain the numerical results with the help of the computational software MATLAB.
Effects of various physical parameters on the dimensionless velocity, temprature,
and concntration profiles are analyzed in the form of graphs. Numerical values of
skin friction coefficient, Nusselt number (heat transfer rate) and Sherwood number

(mass transfer rate) are also computed and discussed in detail.
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Chapter 1

Introduction

In this chapter few important aspect of mass transfer, fluid flow and heat conduc-

tion are explained.

1.1 Nanofluid

The applications of nanotechnology have attracted the attention of scientists and
mathematicians towards the nanoscale material as these materials retain remark-
able chemical, optical and electrical aspects. Current studies made it possible to
diffuse nanoparticles in the conventional heat transport liquids comprising machine
oil, ethylene glycol and water to generate another class of heat transport liquids
with improved efficiency. Nanofluids can be termed as a colloidal fusion contains
of a base liquid and nanoparticles of magnitude 1-100 nm. Enhanced application
of nanoparticles boosts the thermo-physical aspects of the base liquid, i.e, the heat
transport raises with an increment in the heat conduction of liquid. Choi [1] was
the first who presented the theory of term nanofluid. Later, Buongiorno [2] estab-
lished widespread study of nanofluids and developed the preservation equations of
a non-homogeneous constancy model of a nanofluid. Hashmi et al. [3] investigated
magneto Oldroyd-B nanofluid considering the mixed convection effect in double

unrestrained isothermal stretching disks. These consequences have shown that
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on temperature and concentration fields, the influence of buoyancy and Brown-
ian parameter are significant. The multiple slip influence on magnetite Al,O3-C'u
and AlyO3-C'u nanofluids with chemical reaction was studied by Tlili et al. [4]. In

this area various studies are reported in Refs. [5-7].

1.2 Stagnation Point

In modern world the concept of stagnation point flows has potential applications
in numerous regions of aerospace equipment and mechanical industries. In the
flow a point with zero local velocity is represented by stagnation point flow. Ini-
tially, the theory of stagnation point in 2D viscous fluid model was presented by
Hiemenz [8]. He reported that the velocity field at various situations is same by
attaining exact solution. Homann [9] increased this idea for axisymmetric motion.
The stagnation point flows have a variety of industrial uses and numerous mechan-
ical devotions, mostly in metallurgy and polymer diligence. For example, the slow
chilling of an uninterrupted stretching metal or malleable tiles can be revealed
which have numerous uses in material fabrication by Lok et al. [10]. Markin and
Pop [11] reported the concept of stagnation point focused on Arrhenius kinetics to
stretched surface. Hiemenz stagnation-point flow for unvaryingly rotational plate
was analyzed by Weidman [12]. It was noted that when angular velocity intensifies
the centrifugal influence becomes enhancing predominant. Presently, Mahapatra
and Sidui [13] examined Homann stagnation-point flow for non-axisymmetric vis-

coelastic liquid numerically.

1.3 Thermal Radiation

Recently, the thermal radiation has essential influence on heat transport proper-
ties in the region of dynamics and manufacturing, interstellar technology, devel-
opments at high temperature. Thermal radiation characterize the thermal heat

arise form the surface and diffusing in all direction. Moreover, it has important
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involvement in enhancement of heat transport features in polymer dispensation
industry. Nanofluid is proposed quite worthwhile in this trend and numerous
performances for improvement of radiation have been wanted [14-16]. Waqas et
al. [17] considered the influence of radiation and MHD for revised nanofluid re-

lation numerically.

1.4 Magnetohydrodynamics

In modern industry the theory of MHD has various real-world applications due to
the influence of magnetic fields on the flow controller and on the enactment of
several structures exhausting electrically conducting liquids for instance, liquid
metals and water assortment with small acid and others. Furthermore, in the
gesture of the earth’ score, optimization of solidification procedures of alloys and
metals, waste atomic dispensation, diffusion mechanism of compound waste and
chemicals, solar astronomy, geo-physics and polymer engineering are variety of
MHD. Chamkha and Al-Mudhaf [18] considered the aspects of MHD in mixed
convection flow in an ambient fluid with angular velocity subject to heat sink/-
source. Chatterjee et al. [19] reported numerically, the impact of mixed convective
in vertical lid-driven four-sided enclosure packed with an electrically-conducting
liquid. Recently, in this area numerous researchers are engaged to study the as-

pects of MHD in different geometries [20-22].

1.5 Viscous Dissipation

The transport of heat subject to viscous dissipation is significant precisely for
the extremely viscous flows regardless of reasonable velocities. It transforms the
energy (kinetic to internal) i.e., warming of liquid caused by viscosity and therefore
increases the fluid movement. Numerous devices are assembled in stream-beds to
falloff flowing water kinetic energy to reduce their erosive potential at stream and

banks extremities. The non-dimensional influence (Eckert number) is designated
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as liquid motion modifiable variable. Limited studies related to viscous dissipation

are reported in Refs. [23-25].

1.6 Chemical Reaction

Without any uncertainty the influence of chemical reaction has a critical part
of heat and mass transport in diverse branches of industries and science. Ap-
plications of this form of flow can be established in diverse manufacturing and
built-up uses for instance ignition structures, metallurgy, fissionable devices, solar
antenna and chemical trade. Numerous beneficial diffusive progressions comprise
the species molecular dispersion with chemical reaction inside or on the boundary.
The properties of chemical reaction concerning a horizontal plate were considered
by Anjalidevi and Kandasamy [26]. Thermo-solutal Marangoni convection with
magnetic impact and chemical reaction were established by Zhang and Zheng [27].
Bhattacharyya and Layek [28] scrutinized the performance of chemical reaction
with slip impact considering suction/blowing cases caused by vertical stretched

surface. A number of investigators described their studies in this trend [29-31].

1.7 Porous Media

The porous media has many applications in biochemical catalytic vessels, energy
diligences, transport development in human lungs and kidneys, thermal isolation,
strategy of dense medium heat exchangers and geothermal processes, etc. Further,
building material, mineral, leakage of water in stream beds and timber are few
specimens of naturally obtainable porous medium. Usually the established Darcy’s
law has been engaged even for the flow of non-Newtonian liquids. This concern
is not truthful since conflict for non-Newtonian liquids are dissimilar than viscous
liquids. Therefore, reformed Darcy’s law execution is deliberated more realistic.
The study of [32-35] were absorbed on Darcy law to include the porous medium

in diverse geometries.
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1.8 Inclined Magnetic Field

Magnetic sensing techniques exploit a wide range of ideas and phenomena from the
fields of physics and materials science. These include search coils, fluxgate, optical
pumping, nuclear prefix, squid, hole effect, asymmetric magnetic resistance, giant
magnetic resistance, magnetic tunnel junctions, giant magnetic components, mag-
netic / piezoelectric installations, dual magnets, transistors, optical fibers, elec-
tromagnetic, exact electromagnetic systems and existing magnetic sensors [36].
Gilbert studied [37] the difference of the angle of inclination (or magnetic slope)
over a broken foundation stone in the form of a sphere, perhaps one of the
greatest experiments of models made in Earth sciences. The angle that a mag-
netic needle makes with the horizontal plane at any specific location. The mag-
netic inclination is 0° at the magnetic equator and 90° at each of the magnetic
poles. Sugunamma and Sandeep observed the alignment magnetic field and chemi-
cal reaction effects on the flow over a vertical seesaw plate past over a permeable
surface [38]. The magnetic effect over a free thermal conductivity of electricity and
mass transfer from a inclined plate with heat generation / absorption were stud-
ied by Chamkha et al. [39]. Yih [40] discussed the effects of suction / blowing on
mixed convection around sloping surfaces in porous media that digitally show that
with an increase in suction and decrease with blowing increases the Sherwood and

Nusselt number.

1.9 Joule Heating

The passage of an electric current produces heat that phenomena is known as Joule
heating. Joule heating is also acknowledged as Ohmic heating. Joule heating has
a collection of standard in built-up and scientific progressions for instance, electric
fires, electric heaters, radiant light bulb, electrical fuses, electronic fag, ther-mistor

and some others. For the concept of Joule heating some studied are presented here

[41-44].
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1.10 nth Order Chemical Reaction

In modern existence, the nth order chemical reaction problem with mass transfer
phenomenon has been a theme of unlimited devotion in the former few spans.
Quite a lot of investigators on account of its completed uses in various indus-
trial developments, which comprises energy transmission in a damp chilling tower,
ventilation disappearance at the shallow of a water body, engendering electric
power, plantations of fruit plants, salting of plastics, biochemical dispensation of
ingredients, and harvests destruction owing to chilly etc. A number of authors
has conceded out their examination to explore the impact of nth order chemical

reaction on heat-mass transmission flow problems [45-47].

Layout of Thesis
A brief overview of the contents of the thesis is provided below.

Chapter 2 demonstrates the basics of fluid dynamics. A brief discussion about
the basic definitions, governing laws for fluid motion and governing equations have
been illustrated. The solution methodology has also been demonstrated. Dimen-
sionless physical quantities of interest are also mentioned briefly related to the

problems.

Chapter 3 interprets a review analysis of the study which has been performed
by Mabood et al. [48]. This work has covered the scope related to a numeri-
cal study of viscous dissipation, radiation and chemical reaction of MHD stag-
nation point flow of nanofluids in porous medium. Heat and mass exchange of
nanofluid past through a flat plate in permeable surface is analyzed. The sys-
tem of dimensionless ODEs is solved numerically by shooting method. The be-
haviour of different physical parameters is explained through tables and graphs.
The result achieved are also compared with the published results of Ref [48] found

an excellent agreement between them.
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Chapter 4 presents the extension to the forgoing work of Mabood et al. [48] by
adding the effects of Joule heating, inclined magnetic field and nth order chemical
reaction. By utilizing similarity transformations we transform the set of governing
nonlinear PDEs into the set of nonlinear ODEs. Results for various parameters

are discussed through graphs and tables.

Chapter 5 summarizes the whole study with concluding remarks.

All the references used in the research work are listed in Biblography.



Chapter 2

Preliminaries

In this chapter, some basic definition governing laws and dimensionless quantities
are presented, which will be used in the next chapters. Dimensionless quantities
are also discussed which have been used in subsequent chapters. Furthermore, a
brief discussion has been done for the shooting method which has been used to

find the numerical results.

2.1 Some Important Definitions

Definition 2.1.1. (Fluid) [49]

“A substance exists in three primary phases. solid, liquid and gas. (At very high
temperatures, it also exists as plasma) A substance in the liquid or gas phase is
referred to as a fluid. Distinction between a solid and fluid is made on the basis
of substances ability to resist an applied shear or (tangential) stress that tends to

change its shape.”

Definition 2.1.2. (Flow) [50]
“A material that undergoes deformation when certain forces act upon it and con-

tinuously increases without limit then such phenomenon is called flow.”
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Definition 2.1.3. (Fluid Mechanics) [51]
“Fluid mechanics deals with the behaviour of fluids at rest or in motion. There

are two branches of fluid mechanics.”

Definition 2.1.4. (Fluid Statics) [51]
“Fluid static is the part of fluid mechanics, that deals with the fluid and its

characteristics at the constant position.”

Definition 2.1.5. (Fluid Dynamics) [51]
“The branch of fluid mechanics that covers the properties of the fluid in the state

of progression from one place to another is called fluid dynamics.”

Definition 2.1.6. (Hydrodynamics) [52]
“The study of the motion of fluids that are practically incompressible such as
liquids, especially water and gases at low speeds is usually referred to as hydrody-

namics.”

Definition 2.1.7. (Magnetohydrodynamics) [53]
“Magnetohydrodynamics (MHD) is concerned with the flow of electrically conduct-
ing fluids in the presence of magnetic fields, either externally applied or generated

within the fluid by inductive action.”

Definition 2.1.8. (Newton’s Law of Viscosity) [54]
“In a Newtonian fluid the stress is directly proportional to the velocity gradient. If

7* be the force per unit area, then for one-dimensional flow u(y) it can be expressed

. du
T = U d_y .

In the above relation 7* and p are stress and dynamic viscosity, respectively.”

as

2.2 Classification of Fluids

Fluids are basically divided into two main classes that are: Ideal or Perfect fluids

and Real fluids.
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Definition 2.2.1. (Ideal Fluids) [49]
“Ideal or perfect fluids are those fluids having viscosity equal to 0, i.e., u = 0.
Such fluids do not have shear forces and are fictitious in nature. These are incom-

pressible and also known as inviscid fluids.”

Definition 2.2.2. (Real Fluids) [49]
“Real or viscous fluids have non-zero viscosity, i.e.,  # 0. These fluids always
possess non-zero viscosity and are either compressible or incompressible in nature.

Major real fluid classes are termed as Newtonian and non-Newtonian fluids.”

2.3 Types of Flow

Definition 2.3.1. (Compressible and incompressible flows) [52]

“A flow is classified as being compressible or incompressible, depending on the level
of variation of density during flow. Incompressibility is an approximation, and a
flow is said to be incompressible if the density remains nearly constant through-
out. Therefore, the volume of every portion of fluid remains unchanged over the
course of its motion when the flow (or the fluid) is incompressible. The densities
of liquids are essentially constant, and thus the flow of liquids is typically incom-
pressible. Therefore, liquids are usually referred to as incompressible substances.
A pressureof 210 atm, for example, causes the density of liquid water at 1 atm to
change by just 1 percent. Gases, on the other hand, are highly compressible. A
pressure change of just 0:01 atm, for example, causes a change of 1 percent in the

density of atmospheric air.”

Definition 2.3.2. (Steady versus unsteady flow) [52]

“The terms steady and uniform are used frequently in engineering, and thus it
is important to have a clear understanding of their meanings. The term steady
implies no change at a point with time. The opposite of steady is unsteady. The
term uniform implies no change with location over a specified region. These mean-
ings are consistent with their everyday use (steady girlfriend, uniform distribution,

etc.). The terms unsteady and transient are often used interchangeably, but these
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terms are not synonyms. In fluid mechanics, unsteady is the most general term
that applies to any flow that is not steady, but transient is typically used for de-
veloping flows. When a rocket engine is fired up, for example, there are transient
effects (the pressure builds up inside the rocket engine, the flow accelerates, etc.)
until the engine settles down and operates steadily. The term periodic refers to

the kind of unsteady flow in which the flow oscillates about a steady mean.”

Definition 2.3.3. (Laminar versus turbulent flow) [52]

“Some flows are smooth and orderly while others are rather chaotic. The highly
ordered fluid motion characterized by smooth layers of fluid is called laminar.
The word laminar comes from the movement of adjacent fluid particles together
in laminates. The flow of high-viscosity fluids such as oils at low velocities is
typically laminar. The highly disordered fluid motion that typically occurs at
high velocities and is characterized by velocity fluctuations is called turbulent.
The flow of low-viscosity fluids such as air at high velocities is typically turbulent.
The flow regime greatly influences the required power for pumping. A flow that

alternates between being laminar and turbulent is called transitional.”

Definition 2.3.4. (Viscous and inviscid flow) [52]

“When two fluid layers move relative to each other, a friction force develops be-
tween them and the slower layer tries to slow down the faster layer. This internal
resistance to flow is quantified by the fluid property viscosity, which is a measure
of internal stickiness of the fluid. Viscosity is caused by cohesive forces between
the molecules in liquids and by molecular collisions in gases. There is no fluid with
zero viscosity, and thus all fluid flows involve viscous effects to some degree. Flows
in which the frictional effects are significant are called viscous flows. However, in
many flows of practical interest, there are regions (typically regions not close to
solid surfaces) where viscous forces are negligibly small compared to inertial or
pressure forces. Neglecting the viscous terms in such inviscid flow regions greatly

simplifies the analysis without much loss in accuracy.”

Definition 2.3.5. (Newtonian and non-Newtonian fluids) [52]

“Fluids for which the viscosity is not independent of the rate of shear are referred
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as non-Newtonian and the liquids for which the viscosity is independent of the

rate of shear are called Newtonian fluids.”

2.4 Fluid Properties

Definition 2.4.1. (Heat Transfer) [51]

“It is the energy transfer due to temperature difference. At the point when there
is a temperature contrast in a medium or between media, heat transfer must take
place. Heat transfer is normally conducted from a high temperature region to a

low temperature.”

Definition 2.4.2. (Mass Transfer) [51]

“Mass exchange is the total movement of mass from one place to another.”

Definition 2.4.3. (Stagnation Point) [51]
“It is a point in a flow field where the fluid velocity is zero. It exists at the surface
of objects in the field where fluid is rest by the object. Static pressure is the

example of stagnation point.”

Definition 2.4.4. (Viscous Dissipation) [51]
“The process in which the work done by fluid is converted into heat is called

viscous dissipation.”

Definition 2.4.5. (Radiation) [51]
“Radiation is the energy transfer due to the release of photons or electromagnetic
waves from a surface volume. Radiation doesn’t require any medium to transfer

heat. The energy produced by radiation is transformed by electromagnetic waves.”

Definition 2.4.6. (Boundary Layer) [55]

“Viscous effects are particularly important near the solid surfaces, where the strong
interaction of the molecules of the fluid with molecules of the solid causes the
relative velocity between the fluid and the solid to become almost exactly zero
for a stationary surface. Therefore, the fluid velocity in the region near the wall

must reduce to zero. This is called no slip condition. In that condition there is no
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relative motion between the fluid and the solid surface at their point of contact.
It follows that the flow velocity varies with distance from the wall; from zero at
the wall to its full value some distance away, so that significant velocity gradients
are established close to the wall. In most cases this region is thin (compared to

the typical body dimension), and it is called a boundary layer.”

U
oo
freestream

FiGURE 2.1: Figure of Boundary Layer.

Definition 2.4.7. (Density) [506]
“Density is defined as mass per unit volume. It is represented by p. Let m be the

mass of fluid and V' be the volume, then density is given by

Definition 2.4.8. (Pressure) [50]
“A normal force F exerted by a fluid per unit area A is called pressure. It is
formulated as

7

_F

Definition 2.4.9. (Velocity Field) [49]
“It is the representation of net motion of molecules of fluid from one point in space

to another point as a function of time. It is expressed as
V =u(z,y, z,t)i +v(z,y, 2, t)) + w(z,y, 2, t)l;’,

where V represents three-dimensional velocity field with respective components

u,v and w.
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Definition 2.4.10. (Streamlines) [49]
“A streamline is a line that is every where tangent to velocity field of fluid. Stream-
lines show pictorial representation of flow. For a three-dimensional velocity field

it can be written as

Definition 2.4.11. (Substantial or Material Derivative) [49]
“If € represent any property of fluid, with dz, dy, dz and dt are arbitrary changes

of four independent variables, then total differential change in & is given by

¢ d§ = d§ d§  d§
at ar oy Ve T e

The above mathematical relation is called substantial derivative or material deriva-

tive.”

Definition 2.4.12. (Acceleration of Flow Field) [49]
“Acceleration is the rate of change of velocity of fluid with respect to time. Ac-

celeration a of fluid is mathematically given by

av
dt’

a—

similarly by definition 2.4.11, acceleration for a three-dimensional velocity flow

field is written below

oAV A VAR A VAR A VAl
A=U7—+ Vv

ox dy ijLW'

Definition 2.4.13. (Enthalpy) [49]
“It is the combination of internal energy of fluid E and pressure energy (%). This

fluid property is called enthalpy which is represented by h.

h = <E+2) 7
P
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2.5 Some Basic Definitions of Heat Transfer

Definition 2.5.1. (Conduction) [51]
“Conduction is the process in which heat is transferred through the material be-
tween the objects that are in physical contact. For example: picking up a hot cup

of tea.”

Definition 2.5.2. (Convection) [51]
“Convection is a mechanism in which heat is transferred through fluids (gases or
liquids) from a hot place to a cool place. For example: Macaroni rising and falling

in a pot of boiling water.”

Definition 2.5.3. ( Forced Convection) [51]

“Forced convection is a process in which fluid motion is produced by an external
source. It is a special type of heat transfer in which fluid moves in order to increase
the heat transfer. In other words, a method of heat transfer in which heat transfer
is caused by dependent source like a fan and pump etc, is called forced convection.
For example: Gas convection heaters have a gas burner to generate the heat, and

a fan to force the heated air to circulate around the room.”

Definition 2.5.4. ( Natural Convection) [51]

“Natural convection is a heat transport process, in which the heat transfer is not
caused by an external source, like pump, fan and suction. It happens due to the
temperature differences which affect the density of the fluid. It is also called free

convection. Example: Daily weather.”

Definition 2.5.5. ( Mixed Convection) [51]

“It is a combination of both forced convection and natural convection. For example
if fluid is moving upward along the moment of the vertical stretching sheet is forced
between while in the same phenomena fluid is freely falling due to the gravity which
is forced convection. When these two phenomena appear in the same model then

such kind of flow is mixed convection.”

Definition 2.5.6. (Thermal Conductivity) [49]

“According to Fourier’s law: The heat transfer rate ¢** in any direction n per
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unit area is measured normal to n. It is given by

W (0T

where k is called thermal conductivity which is an important thermal property of

fluid. ”

Definition 2.5.7. (Thermal Diffusivity) [51]
“Thermal diffusivity is material,s property which identifies the unsteady heat con-

duction. Mathematically, it can be written as,

where k, p and C), represents the thermal conductivity of material, the density and
the specific heat capacity. In SI system unit and dimension of thermal diffusivity

are m?s~! and [LT '] respectively. ”

2.6 Dimensionless Numbers

Definition 2.6.1. (Reynolds Number Re) [51]
“It is a dimensionless number which is used to clarify the different flow behaviours
like turbulent or laminar flow. It helps to measure the ratio between inertial force

and the viscous force. Mathematically,

e LU
Re= -t — Re =",
/z—g v

where U denotes the free stream velocity, L the characteristics length. At low
Reynolds number, laminar flow arises where the viscous forces are dominant. At
high Reynolds number, turbulent flow arises where the inertial forces are domi-

nant.”

Definition 2.6.2. (Prandtal Number Pr) [5]]

“It is the ratio between the momentum diffusivity (v) and thermal diffusivity («a).
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Mathematically, it can be defined as

pr_ Y _ Hpe _ 1o

a  kje, k'’

where 1 represents the dynamic viscosity, ¢, denotes the specific heat and k stands
for thermal conductivity. The relative thickness of thermal and momentum bound-
ary layer is controlled by Prandtal number. For small Pr, heat distributed rapidly

corresponds to the momentum.”

Definition 2.6.3. (Nusselt Number Nu) [51]
“It is the ratio of the convective to the conductive heat transfer to the boundary.
Mathematically,

Nu = —
U o

where h stands for convective heat transfer, L for the characteristics length and &

stands for the thermal conductivity.”

Definition 2.6.4. (Sherwood Number Sh,) [51]
“It is the nondimensional quantity which show the ratio of the mass transport by

convection to the transfer of mass by diffusion. Mathematically:

here L is characteristics length, D is the mass diffusivity and k is the mass transfer

coefficient.”

Definition 2.6.5. (Skin Friction Coefficient Cy,) [51]
“Skin friction coefficient occurs between the fluid and the solid surface which leads
to slow down the motion of the fluid. The skin friction coefficient can be defined

as
2Tw

C:c:_7
f pU2

where 7, denotes the wall shear stress, p the density and U the free-stream veloc-

7

ity
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Definition 2.6.6. (Eckert Number Ec¢) [51]
“It is the dimensionless number used in continuum mechanics. It describes the
relation between flows and the boundary layer enthalpy difference and it is used

for characterized heat dissipation. Mathematically,

2

E — 79
T VT

2.7 Basic Governing Laws and Equations for Fluid

Motion

We need to satisfy the basic fundamental laws of physics which include mass
conservation, momentum conservation (Newton’s second law of motion) and en-
ergy conservation (First law of thermodynamics) to describe the fluid dynam-

ics [49, 57-59),

Definition 2.7.1. (Law of Conservation of Mass)
“The mass inside a system is conserved and does not change. or

The time rate of change of mass inside a system is equals to zero.

Dm
Dt

ie., =0,

where m is the mass of fluid flowing in a system or control volume [49, 57]”

Definition 2.7.2. (Continuity Equation) [59]
“The conservation of mass of fluid entering and leaving the control volume, the
resulting mass balance is called the equation of continuity. From this law it is

concluded that mass is conserved. Mathematically form is

dp
E + V(pV) =0.

where, V is velocity of fluid. For steady case rate of time will be constant, so
continuity equation becomes

V.(pV) = 0.
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For the case of incompressible flow, density does not changes so continuity equation

can be re-written as,

V.V =0. (2.1)

For incompressible and irrotational flow, the Eq. (2.1) can be transformed in terms

of velocity potential ¢, which is given by
V) =0, (2:2)

Eq. (2.2) is known as Laplace equation.”

Definition 2.7.3. (Law of Conservation of Momentum)

“To study the momentum equation, Newton’s second law is of great importance.
Newton’s law of motion states that:

The rate of change of momentum of a body is equal to net forces acting on that
body.

This statement leads to law of conservation of momentum, which states that:
The momentum of a system remains constant when the net force acting on it is

zero.”

Definition 2.7.4. (Momentum Equation)
“The principle of conservation of momentum can be expressed in the form of mo-

mentum equation, which is formulated as [49, 57|

oV
P (E + V(VV)) =—-Vp+ VT;; + Fg, (2.3)

where p, 77"

- F, = are termed as hydrostatic pressure, viscous stress tensor
70— 9 g )

and body force. Viscous sress tensor 7, is a tensor of rank 2 having nine stress

70

components. It is written as

* * *
Trx Txy Trz
* * * *
Tij = Tyz Tyy Tyz ) (2 4)
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or
o T, T

T = Toe Op Tow | (2.5)
T Ty O:

In Eq. (2.7), 75y Tos Tows Ty Ta and 77, are known as shear stresses while o7, o
and o are called normal stresses.

In the case of incompressible and inviscid flows, the stress term in Eq. (2.3) is
avoided to get the most simplified equation. Such momentum equation is known
as the “Fuler’s momentum equation”. It can be written as

ov
P (E + V(VV)) =—-Vp+F,” (2.6)

Definition 2.7.5. (Navier-Stokes Equation)

“By redefining Eq. (2.3), given below is the most well known form of momen-
tum equation, usually known as Navier-Stokes equation. It was first introduced
by Claude-Louis Navier in 1821 and further improved by Sir George Gabriel
Stokes [49, 58].

oV _

where Tij is called Cauchy stress tensor and F, is known as body force term.

Cauchy stress tensor is further defined as below

1)

T, = —pl + T/ . (2.8)
—~—

(pressure distribution term) (deviatoric stress tensor term)

In Eq. (2.8) the deviatoric stress tensor, i.e., 775 for Newtonian fluids is given

below

7 = pAq, (2.9)

where A; is called first Rivlin Ericksen tensor [60] and its formulation is given by

A, =VV+(VV)L (2.10)
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The complete constitutive relation in Eq. (2.8) can be expressed as
Ty =—pl+pu[VV +(VV)]. (2.11)

The gradient relation of three-dimensional velocity field V(u, v, w) is written as

ou v Ow
oxr Ox Ox

VV=| v v ow

Ju Jv Jw
0z 0z 0z

and
dx 9y Oz

T _ 0 0 %)
A

ow Ow dw
ox oy 0z

By substituting these relations into Eq. 2.10,
ou ov ou Ow ou
29 T oy e T o
A= | mye g e | (2.12)
ou ow v ow ow
9: T o: T3 2o
Substitution of Eq. (2.12) into Eq. (2.9) leads to the following
du v ou ow du
25, ﬂ(a—ﬁa—y) (5 +52)
* ou ov v ow v
Tii = | M (a_y + %) 2ug, r\a, + 5. ; (2.13)

ou | B o | D o
p(Gr ) w(fe+92)  2uf
and from Eq. (2.9), pressure term is written in matrix form as

-p 0 0
—pl = 0 —p 0 (2.14)
0O 0 —p
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By using Egs. (2.13) and (2.14) into Eq. (2.9) we get

Tx:p Tmy Tmz
sz sz Tzz

and following are the z,y and z components of V.Tij

_ Ap 8% W

(V). ==+ (5 + ) (215)
— op 62 82
_ Ap 82w y

After the substitution of Egs. (2.15) to (2.17) into Eq. (2.7), we will get a set of
equations known as “Navier-Stokes equations” for Newtonian and incompressible
flow, i.e.,

\%
(%?+V(VV0:>W@+MAV+FQ’ (2.18)

Definition 2.7.6. (First Law of Thermodynamics)

“First law of thermodynamics is nothing more than the principle of conservation
of energy. First law of thermodynamics states that:

The variation in internal energy Eof a system during any transformation is equal
to the amount of energy that system receives from the environment and the work

done by the system. Mathematically, it is represented as

AE=0Q-W,

where AE’, Cj and W are termed as change in internal energy, heat added to the

system and work done by the system respectively.”

Definition 2.7.7. (Energy Equation)
“The energy conservation of a system can be expressed in rate form as:
Rate of change of energy in system or control volume = (Rate of in flow of energy

Rate of out flow of energy) + (Rate of heat addition due to conduction) + (Rate
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of internal heat generation within control volume) + (Rate of work done by the
forces acting on control volume).
The energy equation in terms of first law of thermodynamics is written below [61,
62] N

DE

por + VA" =g+ p(V.V) = . (V.V) =0, (2.19)

Jv ov , Ov

TZ](VV) = (O’za—x + Txya—y + szg) + (Tyx% + Uya—y + ng@) (2 20)

Substituting the values from Eq. (2.13) into Eq. (2.20), we get

oo (5) - (3)) - (o)

(20 oY (o 0w’
oy 0z 0z Ox ’

= ud, (2.21)

where @ is called “viscous dissipation”.
After applying Eq. (2.21) into Eq. (2.19), we get

DE

ppr +VET =0+ p(V.V) = p® =0, (2.22)

where the rate of work done by pressure forces on fluid, i.e., p(V.V) becomes zero

due to the contribution of continuity equation, so

DE -
P ot pV.(VE) + Vg™ — ¢ — ud = 0. (2.23)

Adopting the definition 2.4.13 of enthalpy into Eq. (2.23), it can be written as

E= (i} - g) : (2.24)
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o (h-2) -
p| =5 | +pV (V (h - —)) + VG — gt — pd =0, (2.25)
ot P
ail 817 » 7 *%k *okk
P = o+ oV (Vh) —V.(Vp) = =Yg + ¢ + pd. (2.26)

After applying the definition of Fourier’s law 2.5.6, we get

A (vﬁ) V. (Vp) = —V.(—kVT) + ¢ + pd, (2.27)

oh . )
p (— +V. (Vh)) - (—p +V. (Vp)) +V.(BVT) + ¢+ pd. (2.28)
Substituting another physical relationship of enthalpy ﬁ, which is defined as [62]:
dh = C,dT,

then Eq. (2.28) will be transformed into

pC, (80—7; + V.(VT)) = (% + V. (Vp)) + (KAT) + ¢ + p, (2.29)

DT\ Dp
— | = — AT ok P, 2.
pcp(Dt> D0 | (kAT) 4 4 4 (2.30)

If the fluid is viscous, incompressible and steady, also for simplicity by ignoring
the internal heating and viscous dissipation effects we get the following most gen-

eralized form of energy equation:

T T T 2 2 2
(a 9 a_) E <8T O*T 6T)7 (231)

u%—i_v@_y—'—w@z :pC’p ox? * 0y? * 022

u@T i oT . oT o*T . 0*T . o*T (2.32)
_ V— w—- = .
Ox oy 0z “\ 9u2 oy 022 )7

where « is called thermal diffusivity.”
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2.8 Solution Methodology

“Shooting Method is used to solve the higher order nonlinear ordinary differential
equations. To implement this technique, we first convert the higher order ODEs
to the system of first order ODEs. After that we assume the missing initial con-
ditions and the differential equations are then integrated numerically using the
Runge-Kutta method as an initial value problem. The accuracy of the assumed
missing initial condition is then checked by comparing the calculated values of
the dependent variables at the terminal point with their given value there. If the
boundary conditions are not fulfilled up to the required accuracy, with the new
set of initial conditions, then they are modified by Newtons method. The process
is repeated again until the required accuracy is achieved. To explain the shooting

method, we consider the following general second order boundary value problem,
y'(x) = flz,y,y'(z)) (2.33)

subject to the boundary conditions
y(0) = 0,y(L) = A (2.34)

[63] By denoting y by y; and y; by y2, Eq. (2.33) can be written in the form of

following system of first order equations.

/
Y1 = Y2 y1(0) =0,
1 (2.35)
yy = f(z,y1,92), (L) =A.
Denote the missing initial condition by y»(0) = s, to have
/
b =Y yl(O) = Oa
1 (2.36)

?/é = f(z,y1,42), ©%(0) =s.

Now the problem is to find s such that the solution of the IVP (2.36) satisfies the

boundary condition y(L) = A. In other words, if the solutions of the initial value
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problem (2.36) are denoted by y;(z,s) and ys(z,s), one should search for that

value of s which is an approximate root the equation.

yi1(L,s) — A=¢(s) =0. (2.37)

To find an approximate root of the Eq. (2.37) by the Newtons method, the itera-

tion formula is given by

— s d(8n)
Sn4+1 = Sn d—gb(sn)/ds’ (238)
(L sn) — A (2.39)

T T (L 5,)) Jds
To find the derivatives of y; with respect of s, differentiate (2.36) with respect to

s. For simplification, use the following notations

dy: dys
ds Ys, ds Ya ( 0)
Y3 = Yu, y3(0) =0, 2.41)
241
of af
/ = — R — O fry 1
Yy P 1y3+ 8y2y4’ y4(0)

Now, solving the IVP Eq. (2.41), the value of y3 at L can be computed. This
value is actually the derivative of y; with respect to s computed at L. Setting the
value of y3(L, s) in Eq. (2.39), the modified value of s can be achieved. This new
value of s is used to solve the Eq. (2.36) and the process is repeated until the

value of s is within a described degree of accuracy.”



Chapter 3

Effect of Viscous Dissipation and
Chemical Reaction on MHD

Stagnation Point Flow of

Nanofluids in Porous Medium

3.1 Introduction

Numerical study of MHD viscous, incompressible and two-dimensional nanofluid
flow past a flat plate in a uniform permeable medium has been taken under con-
sideration. Conversion of non-linear partial differential equations describing the
flow problem into a set of ordinary differential equations has been carried out
by employing appropriate similarity transformations. Shooting method has been
employed for the numerical treatment of the proposed flow equations. Effect of
pertinent flow parameters on the non-dimensional velocity, temperature and con-
centration profiles has been illustrated via tables and graphs. The limiting case of
the present study affirms that the obtained numerical results reflect a very good
agreement, with those from published literature. In this chapter, a detailed review

of [48] has been provided.

27
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3.2 Problem Formulatiuon

The present model aims to investigate the incompressible water base nanofluids
containing two types of nanoparticles, i.e. Copper (Cu) and Alumina (Aly,O3)
flow over a flat plate in a porous medium. Magnatic field of strength B is
applied normal to the fluid flow. Under the effect of thermal radiation and
heat absorption parameter the characteristics of flow; heat and mass transfer
is examined. The coordinate system is chosen such a way that x-axis is along the
flow where as y-axis is perpendicular to the plate. The surface of the flat plate
is maintained at a constant temperature T,, = T, + Tyest higher than the con-
stant temperature T,, of the ambient nanofluid 7y is a constant measuring the
rate of temperature increase along the surface. It has been assumed that the
velocity of the flat plate is u = aeZ and the free stream velocity Us,. The con-
centration at the surface is C,, = C. + Cpe2r, which is also higher then the
ambient concentration C,. The initial reference concentration denoted by Cj.

The geometry of the flow model is shown in Figure 3.1.

y—oo: u=U,=ael, T =T, C=Cy4

Nanoparticles Concentration boundary layer

P

0 L] Thermal boundary layer

Momentum boundary layer

B

X
x

yv=0: u=v=0T=T, =T, + Tyezt,C=C,=C,+ CyezL

FI1GURE 3.1: Geometry of physical model.
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Under the constraints, the governing boundary layer equations for proposed prob-

lem are given as [48] :

ou Ov
P, 1
o+ y 0 (3-1)
ou ou dU., O*u  Upy o B?

U% + Ua_y =Us dr + Uny 912 + T(Uoo —u) + Do (Uso — u), (3.2)
oT oT 0*T 1 04y fing ( 8u> 2

Um— V5 = QppFr— — + Wl 3.3
oz oy T oy? (pep) p Oy (pCp) ,; \ Oy (3:3)

oC oC 0*C
% W plE k- 3.4
um +v 9y e (C —Cy) (3.4)

The corresponding conditions at the boundary are

u=v=0,T="T,="Tsx + Tpe2r,
at y =0,
C= Cw = C'oo +C()€i7 (35)

u=Uy=ael, T =Ty,C =Cy, as Y — 00,

here oy is the electrical conductivity of the base-fluid whereas o,,¢, vy, pnf, oy,
ks, are the electric conductivity, the effective viscosity, the effective density, the
effective thermal diffusivity and the thermal conductivity of the nanofluid, D is
the species diffusivity, & = koeT is the non-uniform permeability, K (x) is the
variable reaction rate given by K(z) = Kyet, respectively. These quantities are

formulated as follows [48]:

Pnf = (1 - ¢)pf + ¢psa

e
En
an - )
d (pcp>nf
(Pcp)nf =(1-9) (pcp)f + ¢(pcp)s>
Onf = (1 - ¢)O-f + ¢0'5,
P ks +2ky — 2¢(ks — k)
M ke + 2k + 20(ky — k)
Vf = ﬂ

Py
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Item p(kg/m®) c,(J/kg K) k(W/mK) B x10°(K™")
Pure water 997.1 4179 0.613 21

Copper 8933 385 401 1.67
Alumina 3970 765 40 0.85

TABLE 3.1: Thermo-physical properties of water and nanoparticles.

The Rosseland radiative heat flux ¢, is given by

4o* OT*
3k* Oy’

qr = (36>

*

where ¢* is the Stefan-Boltzman constant and k* is the absorption coefficient.
If the temperature difference is very small, then the temperature 7% can be ex-

panded about T, using Taylor series, as follows:

4T3 12772 24T} 24T,
Ty=T% + 1—'°°(T — Tt + 2‘00 (T — Tso)?* + 3,°° (T —Tx)? + T(T — T
Ignoring the higher order terms, we have
T =T + 4T3 (T — Ty,
=T =T, +4AT3T — 4T2,
= T =4T3T — 3T,
oT! or
= = 4T3 —. (3.7)
dy dy
Using (3.7) into (3.6) and then differentiating w.r.t y, we get
—160*T3 0°T
94, _ —1607T 07T (3.8)
oy 3k*  Oy?
Then (3.3) gets the following form:
or , or T | 160°T5 T vy (au)2 (3.9)
U+ V= = — . :
O dy ! 9y*  3(pcp)ngk* Oy*  (pcp)ny \ Oy
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3.3 Similarity Transformation

For the conversion of the mathematical model (3.1)-(3.4) into the dimensionless

form, the following similarity transformation has been utilized from [48] as:

a = e = T—-Ty C—-0Cx
e 2L e 2 Z 2L = —— = —

w [e.e]

The detailed procedure for the conversion of the partial differential Eqgs. (3.1)-
(3.4) to the ordinary differential equations in the dimensionless form has been
discussed below:
Let ¢ be the stream function satisfying the continuity equation in the following
sense:

oY o

Consider the velocity components and there partial derivative as follows:

o
Ty
Yo
Iy
= /2aLvyezt f'(n) 2VCch€21L
_ 2a2Lyf 2z L pr
=/ 2wl € f'(n) = aet f'(n)
ou 0 .
a—z_g aeLf’(n))
_ (9f(n) On z / 2 z
o LIk 4 o) te)
o . 9 .
—a( PGl + g (eR))
L1, 1 .
= a0y [gop e ogpet + pof et
= a(nsz(n) + %f’(n))ef
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=57 (w0 + 2 (3.11)

v _ d (9f’(77) 1 =

o —— v (s + 2 ) e
_ on offmon — 0fm)on\ 1 -
= — QQLVf(—yf (77)+ (977 a—yn —677 8—y>ﬁe

2Lv
2aLv z @
= YR L (o s+ ) ) e
— =2 (i + 2 ) (3.12)

Verification of the continuity equation has been carried out as:

ou Ov a s Q o
Gt o= (2w et - o (a7 + 27 ) e =0,

Next eq. (3.2) will be converted into the dimensionless form. The procedure

includes the following conversion of different terms from dimensional to the non
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dimensional form:

¥ (nf'<n>f"<n> Lo2r2m)). (3.13)

__Zox <nf"<n>f'<n> n f”<n>f<n>) (3.14)

UGe U5, Tor (nf”(n)f’(n) + 2f’2(77))

_ %e (nf"(n)f’(n) + f”(n)f(n))

a,2 2z

— e (20 = s ).

To convert the right side of Eq. (3.2) into the dimensionless form, the following

procedure has been followed:

dUs « d o
Uoo% = aeL%(aeL)
_ get 2aet
= aet ae
2
= LeE (3.15)
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82u 0 [ Ou 0 .
o ( >——(\/2L “f“)
Yy oy Vy
39” af” 57) 2L f/// 62L
2Luf on E)y 2Lyf (n) 2Lyf

e f///( )

2Ll/f
, 0%u _ by 0%u
Yoy T par \ Oy

I 'LLf a/2 ef "
(1= 9)25((1 = ¢)ps + dps) (QLVf / (77))

22z

pra~er " 253
- (=)
Ki _ ops
SOL(1— 6)2ps(1— 6 + ) s
aZet

S -gr ey (3.16)

%(Uoo —u) = i ‘<a€z - aeff’(n))
koeE(1— )25 ((1 B+ m)

- 21 aetet (1- 1)
prha(1 = 02 (1- 6+ 22

2z
avsge L

k(1 — s (1 — o+ ¢>5—;) <1 ! fl(n)) o

oB? o(Byezr )? ( z z )
Uo —u) = I — qelL
Pnf ( ) (T—d)ps +ops \“ o)
- B i (1)
=)o top \1 I
JBgae%z

_ pf(1 . %> (1 - f’(n)) (3.18)

Using (3.15) - (3.18) in the right side of (3.2), we get

dU., O*u g o B?
Uoo n Uoo -
dv e B U)+Pnf

GQGQLZ aQeQTzf”’(n)

= +
2L(1 — ¢)25 (1 — ¢+ %)

(Uso —u)

L
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" wyet (1-rw)
)

fa(1 = 0251 6+ 08
O'Bgaefx ) (1 . f/(n))

Pf (1 — ¢+
Hence the dimensionless form of (3.2) becomes

2z
Cl26 L

2L

1
(1= 0Po(1— o+ %)

(200 - ")) = S [2+ 7o

2Lvy o 2LUB§ < o )]
+ako<1—¢>2-5<1—¢+¢5—;>(1 f(">>+apf<1—¢+%> A

12 e . f”/(n>
= 2f%(n) = f"(n)f(n) =2+ (=921 — g + 22)

T
Ro(L= 0P =6+ 02) " apy(1— g+ ) !

) ) -, B f”/<77)
= 220 P00 = g gy

2Lvy 2Lo B2 ) < L )
i (ako(1—¢)2'5(1—¢+¢;’—;) +apf<1_¢+¢;_p;s) 1—f'(n)

f///(,,,,) - ,2 §
T U0l or 7y +2(1=f%(m) + f)f"(n)

{a ~ g2 (11 gt (QaLz;f ! QL(ZB (- ¢>“) (1 - f’<n>)] ~0.

(3.19)

Next, we include the procedure for the conversion of (3.3) into the dimensionless

form:

= (T + Toe2r — To)0(n) + Tae

= Toe220(n) + The.
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_TO z oy a %
s (dmet + ety [t
Ty - ,
= o7 e (007) + 00/ (n)). (3.20)

= a——eL f'(n) (9(77) + W(n)) (3.21)

oT I o T
Ua—y = ( — ﬁ 2CLLl/f€i (nf/(n) + f(ﬁ))) <TO€L 2_[(/1Vf9/(77>>
T T x
= —7+/2aLvy, | 2azyf6%62b (nf’(n) + f(n)) o'(n

Ty [2a®Lvy
2L\ 2aLvy

~—

3z
2

o3 (nf'<n>e'<n> n f<n>e'<n>)

3x
alpe>r

—_ (nf’(n)9’(77) ; f<n>e'<n>) (3.22)

2L

Using (3.21) and (3.22), the left side of (3.3) gets the following form:

ar T aTyes ([, g
T~ (RO
aTOe%
2L

3z
alpezr

2 (ot~ ).

(nf’<n>9'<n> n f(n)e'm))
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To convert the right side of (3.3) into dimensionless form, we proceed as follows:

o*T 0 (0T T
o —( ) Qufwm)

/
2 00" on a 0" (1) “«_ =
2VfL 87] Gy 2I/fL 2VfL
_ To(1 /QVfL) et et g (n)
alp s«
—= 2 0”
2,0 (n)
82T k f CLTO 3z
ap, = — e2t0"(n). 3.23
"o~ Gy 2y 529
1 0q, _ 1 —160*T2 aTpest y

— U
(ocp)ng Oy (pcp)ng  3k* 2vfL )
—160*T3, aTyest ,

N ) 2
Bk*(pcp)nf 2Ll/f 77 <3 4)
Hnf ou\ > [inf — . 9
- 7 == n a eﬁf//
(PCp)ns (3y) (pcp)nf( \/;Vf (77)>
3 2
_ :unf a g,c 2
 (pep)ng 2Ly (e >f () (3.25)

Using (3.23) - (3.25), the dimensionless form of right side of (3.3) is as follows.

ST 1 dg, np [Ou)’
anfﬁ__iJrL(_“)
y* (pcp) Oy (pcp)as \ Oy
2
3z
_ KyToaeit |, ) 160°T3 aTyedt ) a’ (W) s
20y L(pCp)ng Gk vy L(pcp)n 2Lvi(pcp)ny
_ aToegf{ kng ; 160*T3 0
2L |vi(pcp)ns 3k*vi(pcp)ny
3z
()
_'_ —f// 7) :|
viTo(pcp)ng )

_ aToeg% |:<@ (pcp)f /{f i) 9//(7]) 4 ((,OCp) kf 160—*T3 ) 0//( )
5L PCp)ng (pCp) vy 3k*ky

23z

+ ’Lﬂ (pcp)f My <6L €2L> f/IQ(U)}
thy pep)ng (pcp)y  Tovy
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OjToe%a'f |: ( ]{Zf 1 Oéf) ” ( ]{Zf
2L ]{]n dlpep)s \ V C
/ ( — ¢+ el ) f (pcp)s
1 ay 16073 )
+ 9//( )
dlpcp)s \ ve 3k*k
(( o+ i) i 3Ky
2057
+ 1 ,Uf 1 <(I © ) //2(77):|
(1 — ¢)25 ( — ¢+ ‘f’(ﬂCg)s) prvs Tolcp)s
aTpest [ <knf 1 1 ) ) ( yf)
- o =)o cR=Y
2L k d(pcp)s PT (0%
d (1 N ¢ T (pep) ) d
n ( 1 1 16J*T3) (n)
( (b + #( Pczsf ) P 3/{3*]€f
1 (ae%)Q ) 72
+ () (3.26)
((1 _ ¢) ( — ¢+ ¢(P0p)s> (T — Too)(cp)f
Tw - Too
( Wy = pyvy Do = T)

Therefore the dimensionless form of (3.3) becomes:

aThest aThest k., "
X (f/(n)f%n) - f(n)Q’(n)) = 20L Kk—: <1 - <bi ¢<pc,,)s> %)9 (n)

2L
(PCp)f
1 1 160*T3
+ JE— o 8//
((1_(;54_422;)@3);) P. 3k*k; ) (n)
+ (Uso)*f"*(n) }
¢pc
<1_¢)25< ~ O s ) »)s

= (e - soiwen )= | (B i — ) )0 )

Pcp)f

. ( 1 160*T3 ) o)
¢(Pcp) 3k*k’
( §Z5 + Pcp)f > !

N P, (Us)*f"(n) ]
(1— )25 (1 — 6+ M) (T = Too) ()

(Pcp)f
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= (Fonston — s ) . - ; — ) ()

(pep)
160*T3 )\ ,
+( 3k*ky )9 )
1 (Us)?
(1—0)*° ' (T — Too)(cp)y
1 k 160*T3
= ( f'(m0(n) — f(n)d'(n) | P = el [ (1)
( n)on n 77) <1_¢+qz(ppc_$)fs>{<kf 3k:kf)
1 (Ux)?
(1—0)*° Pr (T — Too)(cp)y

= (1 o+ 2): ) (f’(n)H(n) —f(nW(n))R - Kkk—’:er %)9"( )

(Pcp) s

e ALl

N
(U

- ¢) "(Tw =T )(ep)s

n )]

- f”Z(n)} :

+

f”%)} :

Next, we include the procedure for the conversion of (3.4) into the dimensionless

form:

C —Cy
h(n) = 7—3

= C' = h(n)(Cyp — Co) + Ce
= h(n)(Coe ) + Cug

oC 0 "

9 h(ﬁ)a—m(coe )
B e3L . Oh(n) On
= Co 2L h() + Coe on Ox

G () + Coe W )y [~
— o M e N [y T oL

= Co'sr (h(m) + 1l (n)
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ug%:af’< )€LCO ezl (h(n)+77h/(77))
= aze ZL Co(h(n)f'(n) + nh'(n)f'(n)) (3.27)
0C _ (., 5000 On
8y = Coe on Oy
= Coe?r h'(n) 2yaL et
z .y a
N COSLh (77) 2VfL
e & I
W00 B o) ) o)
— —Co e (nf () () + £ () (). (3.28)

Using (3.27) and (3.28) in the left side of (3.4), we get

oC oC aest

uS v 9y~ = Coo7 (h() f'(n) +nh'(n) f'(n) —nf' (nR (n) — f(n)h'(n))

3z
ae2L

= 7 Colf"(mh(n) = W' (n)f(n)). (3.29)

To convert the right side of (3.4) into the dimensionless form, we proceed as follows:

0*C 0
3 =y ({2, et >)
z 8h’ 6
a (C()@ 2LVf
- C(]€Z \/ 2Ll/f \/ QLVf ”

= Coe¥t —1'(n) (3.30)
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C—Cy
h(n) = 7—¢

= (C = Cx) = h(n)(Cy — Cx)

= K(C — Cy) = Koet h(n)(Co + Coert — Cy)
= CoKoe?E h(n) (3.31)

Using (3.30) and (3.31) in the right side of (3.4), we get

0*C 3z A

_ 3z _a .
= Cpe (DQLth (n) Koh(n)> . (3.32)

h'(n) — CoKoe%h(n)

Hence the dimensionless form of (3.4) becomes:

Dal'(n)
2Ll/f

3z
ae2L

o7 ([ (Mh(n) =1 (1) f (1)) = Coest (

a Da

=57 (L) =K (n)f(n)) = 2L,

(7 (o) = W) 0) = () = = Kb

_ 2LK0th(7])
= (B mntn - won ) + 25 hiw)) =)

2L Kyv
- —ao Lnin) = 0.

0

- Konl))

h'(n) — Koh(n)

=L (F () = W ) f () = W ()
ZLKOth

=h"(n) + %(f’(n)h(n) —h'(n)f(n))

The final dimensionless form of the governing model is:

1
(1= (1-0+02

)f///+ff//+2(1 _f/Q)

1
(1= (1-o+02)

]Cnf 7" B gb(pcp)s ! 1
(&) e (1m0 GE88) 07 =100+ (g

W' + Sc(fH — f'h —~h) = 0. (3.35)

+ (P+(1—¢)*M)(1—f) =0, (3.33)

Ecf" =0, (3.34)
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The associated boundary conditions (3.5) get the form:

f=0,f=00=1,h=1, at n=0,

fl—1,0—=0h—0, as 1 — 00.

(3.36)

Different parameters used in the above equations have the following formulations:

M- QUBSL,PTZE,SCZQ,P: 2Lvy
aps oy D aky
16017 K, UZe
R = 2, y=—,Ec= .
3k T T () (T — Tao)

3.4 Physical Quantities of Interest

The skin friction coefficient is defined as:

2T,
Cip = _w’
U2,
where 7, is the wall shear stress.
ou 0 @
- 8_( e f'(n))
ot 2020
d(n) 0y
= ael f’ %
/ eterr f’
2Ll/f
Tw = HUnf (_>
etesr f(0)

2LVf

(3.37)

(3.38)

(3.39)
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Using (3.38) in (3.39), we get the following form:

2
;o = 1y

a Z QL "
= UL (= o oz, SO

2 1% [ a z  x
__< f)25a 2Lyf€L62Lf//(O)

2vra 1 %
—ae

L U2 ¢)2.5

21/fa 1

i
L U2 2L(1— ¢)2P

g
I
=)
Q)
8

(3.40)

(3.41)
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Using (3.40) in (3.41), we get the following form:

(ks Toet), /575-0'(0)
k(T — T

—~ 2k (T, — Too)eT , [ 526'(0)

Nu, = —

2Lvy

kpeat (T, — Tw)
Thap /157 (¢7)20'(0)

Tk ﬁ(Uoo)%@(O)
ky
hor[2 0

ky
B xXr knf ,
= ”2L s v/ Re,0'(0)
oL [1 kg,

The local Sherwood number is defined as:

Ldm

B, — ——dm
She D(C, — Cx)

(Tw B TOO)

e2L

x
U = aet

(3.42)

(3.43)

(3.44)
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Using (3.42) in (3.44) we get:

Sh, =

Shy

_ C’OO)
o 1(0)

2Lvy

3.5 Solution Methodology

5. Oy = Oy — Cye2t

In order to solve the system of ordinary differential Eqgs. (3.33)-(3.35), the shoot-

ing method together with the Runge-Katta method of order four has been used.

First, Eq. (3.33) is numerically solved and then the calculated results of f, f’
and f” are used in Eq. (3.34) and (3.35). Since the Eq. (3.33) is independent of

0 and h. Then in order to solve the Eq. (3.33) independently by using shooting
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method, the following notations have been introduced:

" /

f=v."=yi=vy, " =y,=uys " =1y,

By using the above notations in Eq. (3.33), we get the system of equations

Y1 = Yo, y1(0) =0
Yo = Y3, 42(0) =0
vy = —bulyays + 21— 32)) — (P + (1 9)* M) (1 — po), us(0) = 5

where b = (1 —¢)**(1 — ¢ + ¢&)7
P

The above initial value problem will be solved numerically by the RK4 method.
To get the approximate solution, the domain of the problem has been taken as
[0, 1] instead of [0, 00|, where 74, is an appropriate finite positive real number

with chosen initial guess s such that:

Y1(7oo, s) =1 =0. (3.45)

To solve the above algebraic Eq. (3.45), we use the Newton’s method which has

the following iterative procedure:

-1
s+ — () _ (%) (yl(nomS) ~ 1), (3.46)

9y

= )71, we further introduce the following notations:

In order to obtain (

oy 0y 0y

g—w;g—ym%:yﬁ-

As a result of these new notations, the Newton’s iterative scheme gets the form:

gk — (k) _ (94)_1 <y1(77007 s) — 1)’
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Now differentiate the above system of three first order ODEs with respect to s,
we get another system of six ODEs. Writing all these six ODEs together, we have
the following initial value problem (IVP), which needs to be solved:

Yl = v, y1(0) =0,
Yo = Y3, 1a(0) =0,
s = —bi(yiys +2(1 = 93)) — (P + (1 = ¢)* M)(1 — 1), ys(0) = s,
yh = ys, y4(0) =0,
vk = Ys, ys(0) =0,
Yo = —b1(yays + y1ys — 4ays) + (P + (1 — ¢)*°M)ys, y6(0) = 1.

Next, we have to solve Eq. (3.34) for the known value of f. For this we use the

same procedure as considered for Eq. (3.33). For that let us denote:

‘9:21,
0 = z| = 2,
0" = z{ = 25,

fo=diff=dy f"=ds

By using the above notations in Eq. (3.34), we get the following system of equa-

tions:
21 = 29, 21(0) =0,
/ 1 ¢(pCp)s)
7 S Pr<1—¢—|— (d12z9 — doz1)
2 (kkaf—}-R) |: (PCp)f 142 241
1
+ =g Ecdg} , 29(0) =7

The above initial value problem will be solved again using RK4 method. The
computational domain is truncated in the similar way as before. In the above

system of equations, the missing condition is r which needs to be refined such
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that:
21 (Moo, 7) — 1 =10. (3.47)

To solve the above algebraic Eq. (3.47), we use the Newton’s method which has

the following iterative procedure:

-1
pE+D) — (k) (%) (21(7700,7’) — 1) (3.48)

In order to obtain (%)71, we further introduce the following notations:
821 82’2
— =23, = 2.
or > oy !

As a result of these new notations, the Newton’s iterative scheme gets the form:

pE+D) — (k) (23)_1 (21(77007 T) B 1)'

Now differentiate the above system of two first order ODEs with respect to r, we
get another system of four ODEs. Writing all these four ODEs together, we have
the following initial value problem (IVP), which needs to be solved.

2 = 29, 21(0) =0,
' 1 [ ( ¢(p0p)s)
2y=—F———|P |1—¢+ (dyzo — daz)
2 (lzl—ff —|—R> (/)Cp)f 1~2 2<1
1
+ mECdg} y ZQ(O) =T,
2y = 24, (0) =0,
: 1 { ( ¢(p0p)s)
Zy=—F7——<|P|1—0¢+ (dyzg — dazs)
4 (lzl—ff +R> (;OCp)f 1<4 2<3
1
s ¢)2~5E6d§1’ A0 =1

By using shooting techniques we have the solution of Eq. (3.34). Next, we have

to solve Eq. (3.35) for the know value of f. For this we use the same procedure
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as considered for Eq. (3.33) and (3.34). For that let us denoted:

h:gly
h,:gll = g2,
W= gl =g

f :dlaf,:d27 ”:d?)-

By using the above notations in Eq. (3.35), we get the following system of equa-

tion:

9 = 9o, 9:1(0) =0,

gé = _Sc(dlg2 —dag1 — 791)» 92(0) = w.

The above initial value problem will be solved again using RK4 method. The
computational domain is truncated in the similar way as before. In the above
system of equations, the missing condition is w which needs to be refined such

that:

91(Noo,w) =1 =0 (3.49)

To solve the above algebraic Eq. (3.49), we use the Newton’s method which has

the following iterative procedure:

a -1
wED — (k) _ <8_i)1) (91(77007w) - 1)'

In order to obtain (%)71, we further introduce the following notations:

991 _ . 992 _
aw _937 aw _g4'

As a result of these new notations, the Newton’s iterative scheme gets the form:

W = ® — (gg)7! (gl(noo, w) — 1)-
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Now differentiate the above system of two first order ODEs with respect to w, we
get another system of four ODEs. Writing all these four ODEs together, we have
the following initial value problem (IVP),which needs to be solved:

91 = G2, g1(0) =0,
gy = —Sc(digs — dagi — Y1), 92(0) = w,
93 = 9a, 93(0) =0,
gy = —Sc(digs — dags — 793), 94(0) = 1.

By using shooting techniques we have the solution of Eq. (3.35).

3.5.1 Validation of Code

For validation of the numerical code Tables 3.2 and 3.3 have been presented and the
result are compared with the results of Mabood et al. [48]. In Tables 3.2 and 3.3
shows, an excellent agreement between the compared results and those of already

published in the literature:

TABLE 3.2: Comparison of skin friction f”(0) with Ref. [48] when P=M =R =

B
Cu-water Al,Os-water
¢  Ref. [48]  Present result Ref. [48] Present result
0 1.6872 1.6871 1.6872 1.6871
0.1 25794 2.5793 2.1929 2.1928
0.2 3.5901 3.5902 2.8174 2.8172

Ec=0,FP,=6.2 and Sc=0.68.
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ety (q)
Cu-water AlyOs-water
¢  Ref. [48]  Present result Ref. [48] Present result
0 1.7148 1.7199 1.7148 1.7199
0.1 2.1358 2.1418 2.0230 2.0284
0.2 2.5400 2.5464 2.3345 2.3401

TABLE 3.3: Comparison results of Nusselt 6(0) with Ref. [48] when P =M =
R=Fc=0,P.=6.2 and Sc=0.68.

3.6 Result and Discussion

In this section, numerical results for velocity, temperature and concentration pro-
files are illustrated with graphs under the influence of different parameters.
Figure 3.2 (a) studies the effects of volume fraction of nanoparticles in the pres-
ence (M = 5) and absence (M = 0) of magnetic field. It is noted that velocity of
the fluid increases gradually for both cases. This is due to the fact that nanopar-
ticle are reducing the viscous effects which correspondingly increase the velocity
profile. Similarly, Figure 3.2 (b) for AlyOs—water, it is observed that in case of
hydrodynamic and hydromagnetic the velocity profile increases. From these fig-
ures, it is clear that an increment in the volume fraction of nanoparticles, the
Al,Os—water nanofluid formed a thicker momentum boundary layer as compared
to C'u—water nanofluid in these plots.

Figures 3.3 (a) exhibits the influence of solid volume fraction of nanoparticles
¢ on temperature profile for Cu—water nanofluids. Growing values of volume
fraction of nanoparticles enhance the thermal conductivity of the nanofluids which
then increases the temperature profile. From Figure 3.3 (b), it can be seen that
the fluid temperature increases for alumina water within the boundary layer region
as the value of the solid volume fraction increases from ¢ = 0 to ¢ = 0.2 (20%).
From these figures, it is observed that the thermal boundary layer for nanopar-

ticles, namely Cu-water, is greater than that of AlyOs-water. This is because
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nanoparticles volume fraction parameter (of C'u) has high thermal conductivity,
so the thickness of the thermal boundary layer increases.

Figure 3.4 (a) is presented to potary properties of volume fraction of nanopar-
ticles together with the magnetic parameter M on concentration profile h. The
concentration profile decays as the nanoparticle volume fraction rises. Figure
3.4 (b) is sketched to visualize the variation in the dimensionless concentration
profile due to changes in the volume fraction of nanoparticles together with the
magnetic parameter M. The dimensionless concentration h for Al,Os-water also
demonstrates a declining behaviour. These figures, delineated to show that the
concentration distribution undergoes a decrement if there is an enhancement in
the volume fraction ¢.

Figures 3.5 (a) is delineated to shows the impact of permeability parameter on
fluid velocity for Cu-water nanofluid. Fluid velocity is enhanced marginally with
an increment in the values of both the permeability parameter P and ¢ for C'u-
water. Figures 3.5 (b) depicts that an increases in the permeability parameter
P fluid velocity increases effectively for Al,Os—water nanofluid. Physically, an
increase in permeability parameter causes as increase in the flow rate, so as flow
rate increases the velocity of the fluid also increases.

Figures 3.6 (a) displays the influence of the volume fraction ¢ and permeability
parameters P on the dimensionless temperature 6 for Cu-water. When the poros-
ity enhances significantly the thermal boundary layer is reduced. It is clearly
observed that the temperature profile enhances marginally by enhancement in
the volume fraction for magnified porosity. If we enhance the values of the per-
meability parameter, the temperature distribution is also enhanced. Figure 3.6
(b) depicts that the temperature profile is increased for the larger values of the
permeability parameter P and the volume fraction ¢ for AlsOs—water nanofluid.
An increase in the permeability material correspond to large void section thus
increases in the temperature profile. Physically, in these figures the temperature
profile enhances effective if with an increase in the ¢.

Figures 3.7 (a) illustrates the influence of the higher estimation of nanoparticles
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on fluid temperature 6 for C'u-water nanofluid with or without radiation. The di-
mensionless temperature field 6 is increased as the thermal radiation parameter
R is increased. It strengthens the fact that more heat is produced due in the
radiation process. Figures 3.7 (b) depicts the variation in the dimensionless tem-
perature 6 due to the volume fraction ¢ for Al,Oz-water nanofluid with or with-
out radiation. The dimensionless temperature is enhanced as volume fraction ¢
is increased gradually. Physically, the thermal radiation effect temperature distri-
bution of the nanofluid. As the thermal radiation boosts the thermal diffusion.
Hence, the temperature increases as the thermal radiation rises for any form of
nanoparticles.

Figures 3.8 (a) is framed to spectacles the effect of Eckert number on temper-
ature profile # for Cu-water nanofluid when fluctuating the volume fraction of
the nanoparticles. When the value of the Eckert number is enhanced, the fluid
realm is permited to store the energy. As a consequence of dissipation due to frac-
tional heating, heat is produced. The effect of the viscous dissipation parameter
i.e. the Eckert number Fc on the dimensionless temperature profile 6 for Al,O3-
water nanofluid is visualized in Figures 3.8 (b). It is analyzed that an increase in
FEc causes an increase in 6 and the boundary layer thickness. From this figure,
we examine that for the higher estimation value of the thermal boundary thickness
is enhanced with increasing values of ¢ and it will eventually magnify the tem-
perature. In addition to that, an increment can be seen in the thermal boundary
layer thickness.

Figures 3.9 (a) elucidates the effect of the chemical reaction parameter on con-
centration profile for Cu-water nanofluid. It is clear that as the chemical reac-
tion parameter increases, the concentration profile drops significantly. Figures 3.9
(b) illustrates the effect of the chemical reaction parameter on the concentration
profile for Al,Os-water nanofluid. Graphs of this figure indicate that concen-
tration profile is reduced as chemical reaction parameter is hiked. However, in-
creasing the volume fraction of nanoparticles has little effect on dimensionless

concentration. Also, the concentration boundary layer thickness is depressed.
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Chapter 4

MHD Stagnation Point Flow of
Radiative Nanofluid with Higher
Order Chemical Reaction and

Joule Heating

In this chapter we extend the model of Mabood et al. [48] by considering the effect
of Joule heating, inclined magnetic field and nth order chemical reaction. Heat
and mass transfer are analyzed for the steady and incompressible flow by taking
into account the effect of viscous dissipations, nth order chemical reaction and
Joule heating in a porous medium. Nonlinear PDEs are converted into a system of
ODEs by using an appropriate similarity transformation. We have achieved the
numerical solution of the system of ODEs by using the technique namely the
shooting technique along with Runge-Kutta method of order four. The results
for different governing parameters for velocity, energy and concentration profiles

are deliberated through graphical and tabular form.

62
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4.1 Problem Formulatiuon

This chapter aims to analyse the 2D, incompressible nanofluid flow in porous
medium. The flow occupied the space y > 0. Magnetic field of strength B is
applied with an inclination angle o with the horizontal axis. Furthermore z-axis
is in the direction of flow and y-axis is normal to it. Energy transport analysis
is also carried out in the presence of thermal radiation, viscous dissipation and
Joule heating. Moreover, the concentration of flow is discussed with the help
of concentration equation under the effect of nth order chemical reaction. To
enhance the heat transfer characteristics of base fluid water, we have used a well
known nanofluid model that’s “Tiwari Das” model [64]. In this regime 2-different
nanoparticales are choosen namely C'u and AlsO3. The thermo-physical properties

of the fluid with nanoparticles are given in Table 3.1.

y oo u=Ug=aet, T =T, C=C4

y Nanoparticles Concentration boundary layer

Thermal boundary layer

Momentum boundary layer

B

y=0: u=v=0,T=T, =Ty, + ThezL, C= Cy= Csp+ CyezL

FIGURE 4.1: Geometry of physical model.

Under the above constraint the related equations are given as:

ou Ov
i 4.1
Ox * dy 0 (4.1)
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du  Ou dU. O*u g oB?
a_ - = (]oo_oo nf A o — Uoo - in® Uoo - )
ua:c—H)@y o +Vfay2+ k:( u)—i—pnf sin” o w)
(4.2)
or  oT PT 1 dq  fing (8u>2 oB> )
U— +V— = Qe — —— — + — sin® a(u — Ux
Ox dy ! dy? (pcp)nf dy (Pcp>nf Ay (Pcp)nf ( )

oC oC 02C
il D= _ - n 4.4
U —l—Uay D6y2 K(C - Cy) (4.4)

The corresponding conditions at the boundary are

u=v=0,T="T, =Ty + Tpezr,
C =C,=Cy+ Cyerr, (4.5)

u=Ux =ael, T =T, C =Cy, as Yy — 00.

The Rosseland approximation has been considered for the radiation. For smaller
value of temperature difference, the temperature 7* might be expanded about
T, using Taylor series and ignoring the higher order terms, the formulae for the
radiative heat flux ¢, is stated below.

dq,  —160*T2 0°T

p— —_— . 4-
dy 3k* Oy? (4.6)

4.2 Similarity Transformation

In this section similar to Chapter 3, we transform the governing system of PDEs
along with boundary condition into a dimensionless form by using appropriate

similarity transformations. The similarity transformation used are as follows [48]:

a  a = T T, 0 -Cy
"=\ 3L, ¥ = \/2aLvge?r f(n), Q(H)—ma h(ﬁ)—c—coo-

w

The detailed procedure for the verification of the continuity Eq. (4.1) has been
discussed in Chapter 3.
Now Eq. (4.2) will be converted into the dimensionless form. The left hand side
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of Eq. (4.2) can be written as:

a2 (af ) + 207
_ S_Lef (nf"(n)f’(n) + f”(n)f(n))

CL2

— e (20 = s ).

Furthermore, the first, second and third expressions on the right hand side of

Eq. (4.2) have been transformed into the dimensionless form as stated below:

dU a2 2x
Weo 0 2 4.7
Vo dz LeL (4.7)
"oy T par \ Oy
aQe% f//l( )
IEZCERIET R S
(U — ) = by

(i)
prko(1 = 9)3 (1 — 6+ ¢—)
aufe%z

W <1 s ¢_) (1 - f’<n>).

On the similar note, conversion of the remaining terms of the right hand side of

Eq. (4.2) into the dimensionless form is stated below:

_ o(Bgezr)?sin®a s ey
oy T T gy + o, (“e ot ("))

_ o(Bgezr)*sin®a ,
T U=+ op <1 - (n))

_ oB2aeT sin® o (l—f/(ﬁ)>~ (48)
Pf<1—¢+%)

lls]
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Using (4.7) - (4.8) in the right side of (4.2), we get

AU,  Pu v, B2 sin?
Uoo—+l/nfa—yz+%(Uoo—u)+w(Um—u)

dx
_ a2e’T N azegfzf”’(n)

L 2L(1 — )25 (1 — ¢+ %)
cwfe%c

ful1 = 02 (1- 0 + 02

oB2aeT sin® o (1 B f/(77)>~ (4.9)

_l_
_ ps
Pf(l ¢+ ,,f)

Hence the dimensionless form of (4.2) becomes

+

2z 2z
a26 L 2

12 " _aeL 1
o (20 = PO ) = S 2

2Lvy o 2Lo B2 sin® a ( o )]
+ako<1—¢>2~5<1—¢+¢z—;>(1 o)+ s (1- s

2 o o f’”(ﬁ)
= 2f%(n) = f"(n)f(n) =2+ (=921 — g + 22)

2Lv; 2LoB2sin® o )( L >
+(ako(1—¢>2-5(1—¢+¢5_;)+apf(1_¢+¢ps) L= f(n)

Pf

()

) o - f’”(ﬂ)
= =24 2f"(n) = f"(n) f(n) = (L- 4251 -+ 22)

2Lv; 2LoB2sin® o )( L >
i (ak0(1—¢)2'5(1—q§+q§5—;) +apf(1_¢+%s) 1= f'(n)

f///(n) B - }
T a—erii-er ) 2(L=f%) + f ()" (n)

1 2Lvy  2LoB? sin? o 2.5> ( , )1 B
* 1— 1— = 0.
{(1_¢)2.5 (1_¢+<%s) < akg apy ( ¢) f'(n)

(4.10)

Next, we include the procedure for the conversion of (4.3) into the dimensionless

form. The left hand side of Eq. (4.3) into the dimensionless form is similar to that
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discussed in Chapter 3.

oT oT aToe% ’ / /
Wy TV = ot (f (m8(n) +nf'(n)d (77))
B aToe%
2L

3z
alpezL

5 () (9(77) = 779’(77))-

(nf’<n>9'<n> ; f(n)e'm))

Furthermore, the first, second and third expressions on the right hand side of

Eq. (4.3) have been transformed into the dimensionless form as stated below:

82T k‘nf aTD
(7% =
Toy2 ~ (pey)ns 2v5L

20" (n). (4.11)

1 dg, 1 —160*T% aTyest o)
- - = n
(cp)ng Oy (pcp)ng  3k* 2vfL

—160*T3 aTyest
0" (n).

- 3k* (pcp)nf 2Ll/f

2 2
(8- ()
(pcp)ns \ Oy (PCp)ns 2Lvy ()

3 2
_ Hnf a ( 3—’”) 72
(pep)ng 2L\ ).

On the similar note, conversion of the remaining terms of the right hand side of

Eq. (4.3) into the dimensionless form has been stated below:

oB?sin? o o(Bpexr)?sin’a, . ,, ©
(g = U = S ) = o
r/n p)n
o(Byexr)?sin’a, .,
- TR Sk (P - 1) @12
D)n

Using (4.11) - (4.12), the dimensionless form of right side of (4.3) is as follows:

o f82T B 1 aQT + Hnf (@)2 m(u —U )2
oyt (pep) Oy (pep)ny \ Oy (PCp)ns
2
« o 3(, 3z
25 L(pCp)ny 6k vy L(pcp)ny 2Lv(pCp)ny

o(Byear )? sin® a

(PCp)ny

(act (f'(n) = 1))?
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e e 3 (.3
_ K, ;Toaesi n 160*T3 aTyest g n)+a (6 L) Hnf o
20y L(pcp)ny 6k vy L(pcp)n 2Lvs(pcp)ny
o(Byerr)?sina, o
(et (aet(f'(n) —1))?
p)n
CaTyer [ ke, 160*T3, o)

)7+

2L {Vf(Pcp)nf 3k Vf(PCp)nf
3z

Honf (a%ﬁ) o(Byezr 2aeT 2L

T— "2 + ( 0 3i) (f,(77> . 1)2:|

viTo(pcp)ns Toe2r (pcp)ns

—CLT()BS% {(@ (IOCp)f kf i) 6//(77 + ((pCp) kf 160_*T3 ) 6”( )
2L kg pco)ns pCp) s vy peo)ns (pep)pve 3k ky

2396

Hnf (pcp>f M <a 62L> f//2<
g pCp)ng (pcp)s Tovy

N (((pcp)f 1 2La(BOez”i)2U§osm2a) () — 1)2]

+ n)

PCp)ns (PCp) f Toeg%
aToeg% |: k?f 1 Qyr I ( ]{Zf
= —L — 1 6"(n) oy =
2L kn — M v C
f (1 b + S ) f (pcp) s
1 160*T3
+ ATl KA
Ppep)s \ V
( —o+ N ) / /
1 py L 1 <a2€§z) 2
"
! (1— )25 (1 — ¢+ ¢(”CP)S> prvs To(ep)y o
(pcp)f
+ ! L 2Lo(Beet PUx)Psinta ) oo
dlpcp)s \ (pey) aThest 7
1—¢+ Gons p)f 0
(M (sn-2)
pCp T «
! ( —¢+ (pep) ) !
1 1 160*T3 )
+ ( 9//( )
¢> pcp P. 3k k
( —o+ cp)f ) !
1 (ae%)Q 12
' ((1 =025 (1- ¢+ el (T = Too>(cp>f)f "
(pcp) f
1 1 2Loezr(Byezr)?*(Uy)?sin® a
. (Boe?r ) (Uer) (/) - 1)?

( — o+ o(pcp)s ) (pcy) s a(T, — Ts)eztL

pcp)f
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Therefore the dimensionless form of (4.3) becomes:

ClT’()eg’if ( , / ) . 617_70637f |:(knf 1 1 ) "
fmom) — fme'(n) ) = - = 0" (n)
2L 2L ks ( — g Sl > P,
1 1 160*T2
6//
" (( — g s} B 3y ) "
N (Uso)*f"*(n)
(1= )27 (1= ¢+ 5290 ) (T,, - ) (6);
. ( 1 1
(1 — g+ o) ) i)y

Pr (UOO)Qf”Q(n)
(1 - ¢)2-5 <1 — ¢+ M) (Tw - TOO)<Cp)f

(Pcp)f
2Lo(By)?sin® a 1
a(Ty = Tw) (1 — ¢+ Sl

P’”(U“)Q) () - 17 -

(pcp) s
= (f’(n)ﬂn)—f(n)”(n))ﬂ = ( gbid""”;f) Kzf )0”( )
+ (e )
g & SR
p dotllaa, el (i) - 1y]

= (#me - oo ). = < q ¢+1¢(,m,, ﬂ(’j;;u%)e"()

(Pcp
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1 (U00>2 "2
T T - T
N 2Lo(By)® sin aPr (Uso)

apy (T — Too ) (cp)

= (1 — o+ ¢(pcp)5) (f’(n)é’(n) - f(n)9’(n)>Pr = Kkk—’f + %) 0" (n)

(pcp) )
T —1¢>25P’" . S
o (B 2 BN 1 (104 229 (oot + s
3G —1¢) i . EUTC:Zj)Q(cp)f‘]M(n)

Next, we include the procedure for the conversion of (4.4) into the dimensionless
form. The left hand side of Eq. (4.4) into the dimensionless form is similar to that

discussed in Chapter 3.

oC oCc aest
Yor Ty T g
= S Col S hln) = 1 () S () (4.13)

(h() f'(n) +nh'(n) f'(n) = nf' (mP' (n) — f(n)R'(n))

To convert the right side of (4.4) into the dimensionless form, we proceed as follows:

9°C 9

o "o (\/ 515, 0
_ ( Coet /—8h ) 1) >
- C(]€Z \/ 2Ll/f \/ QLVf

h‘“
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o - (=)

= (€= Cx)" =h"(n)(Cy — Cx)"
= K(C — Cy)" = Kh"(n)(Cy — Cs)"
= K(C — )" = KoeTh"(n)(Cyy — Coo)"

Using (4.14) and (4.14) in the right side of (4.4), we get

2
p?C k(- ) = DOyt 2

0 2Lyfh (n) — KoeZ (Cyy — Coo)"h™ (). (4.14)

Hence the dimensionless form of (4.4) becomes:

3x
aezL 3z a

07 (F(mh(n) = W'(m)f () = DCoe?t 2T, h'() = Koet (Cyy — Coo)"h" (1)
S oo ~ W) = ot (D) KoeklCom Oy
o () = 1) ) = o (2t = 2= el )
(ki) = K () = ) = 2=y

= ()hin) = W () () = () - %QL%S‘”_ = 30>nhn(n)

vy 2LK(Cy — Ce)"™!

==L (m)hm) = W) f () = ") = 2 ()
= (St — i) + B2 C = ET )
() + 2 ) — W) () — 2 2 G Z Oy

Finally, the ODEs describing the governing flow problem can be re-collected in

the following system:

1
(1-¢) (1-¢+o2

>fm+ff”+2(1 _f/2)

1
(1= 0P (1-0+02)

+ (P+(1—¢)**Msin*a)(1 - f) =0, (4.15)
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knf /" ¢(pcp)8 / ! 1 "2
() (1o T8 00 00+ s

+sinfa P, M Ec(f' —1)* = (4.16)
W'+ Se(fR — f'h — yuh™) = 0. (4.17)
The associated boundary conditions (4.5) get the form:
f=0,f=0606=1h=1, at n=0,
(4.18)

ff—1,0—=0h—0, as 1 — 00.

Different parameters used in the above equations have the following formulations:

M- 2UBSL,P1~ _ ﬁ,Sc: ﬁ,P: 2Luf’
aps oy D akg
160*T3 2LKy(Cypy — Coo)™ ! U?
3k*ky a (cp) (T — Tio)

4.3 Physical Quantities of Interest

The detailed procedure of the dimensionless form of skin-friction coefficient, Nus-
selt number and Sherwood number have been discussed in Chapter 3.
The skin-friction coefficient, Nusselt number and Sherwood number in dimension-

less form are given by:

Jz/L T (1)
2L 1 Ko

o Nu, =460 (4.20)
xr \/Rex “ k?f ( >7

1 2L ,
Shm/l%m,/7 =-H0).

4.4 Solution Methodology

\/Rem/ZO ;2.5]@//(0)’

In order to solve the system of ordinary differential Eqs. (4.15)-(4.17), the shooting
method together with the Runge-Katta method of order four has been used. First,



MHD stagnation point flow of radiative nanofluid... 73

Eq. (4.15) is numerically solved and then the calculated results of f, f" and f” are
used in Eq. (4.16) and (4.17). Since the Eq. (4.15) is independent of 6 and h, the
Eq. (4.15) can be solved independently by using shooting method, the following

notations have been introduced:

/

f:ylaf,:yi:y27f”:y;:y37fm:y3'

By using the above notations in Eq. (4.15), we get the system of equations

Yy = Yo, y1(0) =0,
Yy = U, y2(0) =0,
ys = —bi(y1ys + 2(1 — 13)) — (P + (1 — ¢)*° M sin® @) (1 — yp), y3(0) = L.

where by = (1 —¢)*°(1 — ¢ + ¢&)-
Py

The above initial value problem will be solved numerically by the RK4 method.
To get the approximate solution, the domain of the problem has been taken as
[0, 1) instead of [0, 00], where 1., is an appropriate finite positive real number
in such a way that the variation in the solution for n > 7., is ignorable. Chosen

initial guess L such that:

Y1 (Moo, L) — 1 =0. (4.21)

To solve the above algebraic Eq. (4.21), we use the Newton’s method which has

the following iterative procedure:

—1
LEHD) — (k) _ (0y1) <y1(77007 L) _ 1)_ (4.22)

L
In order to obtain (8—%)_1, we further introduce the following notations:
Iy Oya Y3

a—L:y4,a—L:y5>a—L:y6-
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As a result of these new notations, the Newton’s iterative scheme gets the form:

LD = L) — ()7 <y1 (7o L) — 1)‘

In order to get the value of y4, differentiate the above system of three first order
ODEs with respect to L, we get another system of six ODEs. Writing all these six
ODEs together, we have the following initial value problem (IVP), which needs to

be solved:
Y =Y, y1(0) =0,
yh =y, y2(0) =0,
yé = —bi(yys +2(1 — ?J%)) —(P+ (1~ ¢)2’5M sin® a)(1 —ya), ys3(0) = L,
yh = s, ya(0) =0,
. y5(0) =0,
Yo = —b1(yays + v1ys — 4yays) + (P + (1 — ¢)** M sin® a)ys, ys(0) = 1.

Next, we have to solve Eq. (4.16) for the known value of f. For this we use the

same procedure as considered for Eq (4.15). For that let us denote:

f=d,f=d,["=ds.

By using the above notations in Eq. (4.16), we get the following system of equa-

tions:
2y = 29, 21(0) =0,
1 s
Zé = _k— |:Pr (1 - ¢ + Q?(/ZC;;) )(dlzg - ngl)
(% + &) )
1 2 .2 2
+ (1_—¢)2.5EC(13 ~+ sin O{PTMEC(dQ — 1) :| s 22(0) =1m.
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The above initial value problem will be solved again using RK4 method. The
computational domain is truncated in the similar way as before. In the above
system of equations, the missing condition is m which needs to be refined such

that:

21 (Moo, m) — 1 = 0. (4.23)

To solve the above algebraic Eq. (4.23), we use the Newton’s method which has

the following iterative procedure:

-1
mE+D) — (R (%) (2’1(7700, m) — 1) (4.24)

In order to obtain (%)_1, we further introduce the following notations:
621 822
g om

As a result of these new notations, the Newton’s iterative scheme gets the form:

mFrD — (k) _ (23>_1 (Zl(noo7m) o 1)'

Now differentiate the above system of two first order ODEs with respect to m, we
get another system of four ODEs. Writing all these four ODEs together, we have
the following initial value problem (IVP), which needs to be solved.

2] = 29, 21(0) =0,
1 s
zp = BT [PT (1 — ¢+ %) (d129 — doz1)
(& + ) Pl
1 2, 2 2
+ WEC% +sin“a P.M Ec(dy — 1) }, 25(0) = m,
2y = 2y, 23(0) =0,

gl waa]. a0
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By using shooting techniques we have the solution of Eq. (4.16). Next, we have
to solve Eq. (4.17) for the know value of f. For this we use the same procedure

as considered for Eq (3.33) and (4.16). For that let us denoted:

h:gh
h/:gll = g2,
h//:g/{:gé,

fo=diff=dy [ =ds

By using the above notations in Eq. (4.17), we get the following system of equation:

g = 92, 91(0) =0,

gy = —Sc(digs — dagi — Yng?t), 92(0) = q.

The above initial value problem will be solved again using RK4 method. The
computational domain is truncated in the similar way as before. In the above
system of equations, the missing condition is ¢ which needs to be refined such

that:

91Ny q) —1 =10 (4.25)

To solve the above algebraic Eq. (4.25), we use the Newton’s method which has

the following iterative procedure:

891 -
(k+1) _ (k) _ _
q q ( 9 ) (gl(noo,Q) 1)-

—1
In order to obtain (%—9;) , we further introduce the following notations:

Og 09>

8_q_93’8_q:g4'
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As a result of these new notations, the Newton’s iterative scheme gets the form:

q(k+1) = q(k) — (93)71 (91(71007 q) — 1)’

Now differentiate the above system of two first order ODEs with respect to ¢, we
get another system of four ODEs. Writing all these four ODEs together, we have
the following initial value problem (IVP),which needs to be solved:

9 = g2, 91(0) =0,
gy = —=Sc(digy — dagr — ngt), 92(0) = g,
93 = 9a, 93(0) =0,
gy = —Sc(digs — dags — yangi ™' gs), 94(0) = 1.

By using shooting techniques we have the solution of Eq. (4.17).

4.5 Result and Discussion

In this section, the numerical results of skin-friction coefficient, Nusselt and Sher-
wood numbers are illustrated by tables and graphs to show the behaviour of the
velocity, temperature and concentration by assuming various values of different

physical parameters of interest.

In Tables 4.1-4.3 the numerical analysis of various physical parameters on Cf,,
Nu, and Sh, under discussion is displayed. Tables 4.1-4.3 show that by increas-
ing the values of ¢ skin friction, Nusselt number and Sherwood number is also
increasing. For the larger permeability parameter P, the skin friction and Sher-
wood number are enhanced whereas the Nusselt number experiences an opposite
behaviour. An enhancement in the skin friction, Nusselt and Sherwood numbers
has been seen as M, R and 7 assume the larger values. The higher estimation of

Eckert number Fc de-escalate the Sherwood number.



MHD stagnation point flow of radiative nanofluid...

78

==/

o P M R Ec ~n o Cu-water Aly,Os-water
0.0 05 2 1 0.5 0.1 /8 1.9071 1.9071
0.1 2.8066 2.4563
0.2 3.8626 3.1575
0.1 O 05 1 0.5 0.1 /4 2.6414 2.2657
2 3.2181 2.9177
) 3.9281 3.6863
0.1 05 1 1 0.5 0.1 /4 2.8541 2.5104
2 2.9656 2.6365
3 3.0731 2.7570
0.2 5 0.2 0.2 0.5 0.1 /4 5.3197 4.8336
1.5 5.3197 4.8336
2.5 5.3197 4.8336
02 05 1 1 0.5 0.0 /4 3.9091 3.2141
0.1 3.9091 3.2141
0.2 3.9091 3.2141
0.1 05 1 1 0.5 0.1 /2 2.9658 2.6371
/4 2.8543 2.5112
7/6 2.7969 2.4458
02 05 1 1 0.5 0.1 /4 3.9093 3.2157
3.9093 3.2157
3.9093 3.2157

TABLE 4.1: Numerical results of skin-friction coefficient f”(0) when P, =6.2

and Sc¢=0.68.
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o P M R FEc v o n Cu-water Al,Os-water
0.0 05 2 1 05 0.1 /8 1 2.6968 2.6968
0.1 3.2774 3.2611
0.2 3.8412 3.8445
01 0 05 1 05 0.1 /4 2 3.2294 3.2044
2 3.1901 3.1720
5 3.1205 3.1053
0.1 05 1 1 05 01 w/4 1 3.5475 3.5594
2 4.1741 4.2441
3 4.7683 4.8848
02 10 1 1 05 01 w/4 1 2.5430 2.5292
2 4.0249 4.1612
3 5.6281 5.8017
02 5 02 02 05 0.1 /4 1 2.0934 2.0997
1.5 -0.1039 0.1945
2.5 -2.3014 -1.7088
02 05 1 1 0.5 0.0 m/4 2 4.1929 4.2517
0.1 4.1929 4.2517
0.2 4.1929 4.2517
02 05 1 1 05 01 /2 2 4.1752 4.2454
/4 3.5473 3.5598
/6 3.2198 3.1981
02 05 1 1 05 01 w/4 1 4.1958 4.2558
2 4.1958 4.2558
3 4.1958 4.2558

TABLE 4.2: Numerical results of Nusselt number —¢'(0) when
P,.=6.2 and Sc=10.68.
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o P M R Ec v e} Cu-water Al,Oz-water
0.0 05 2 1 0.5 0.1 /8 0.7923 0.7923
0.1 0.8113 0.8113
0.2 0.7844 0.7844
0.1 0 05 1 0.5 0.1 /4 0.9398 0.9170
2 0.9625 0.9477
5 0.9850 0.9755
0.1 05 1 1 0.5 0.1 /4 0.8242 0.8047
2 0.8288 0.8108
3 0.8331 0.8164
02 5 02 02 05 0.1 /4 0.7155 0.7014
1.5 0.7155 0.7014
2.5 0.7155 0.7014
02 02 1 1 0.5 0.0 /4 0.6958 0.6663
0.1 0.7227 0.6943
0.2 0.7490 0.7215
0.1 05 1 1 0.5 0.1 /2 0.8479 0.8312
/4 0.8436 0.8255
/6 0.8413 0.8225
02 05 1 1 0.5 0.1 /4 0.8561 0.8288
0.8466 0.8192
0.8416 0.8140

TABLE 4.3: Numerical results of Sherwood number—h’(0) when P.=6.2 and

Sc=0.68.

For the higher estimation of inclination angle «, the skin-friction coefficient and the

Sherwood number de-escalate whereas the Nusselt number increases marginally.

Due to increasing higher order chemical reaction parameter n, the values of skin

friction, Sherwood number are same and Nusselt number values decrease.
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This section presents the graphical view of different parameters obtained while
non-dimensionalizing the above physical model.

Figures 4.2-4.4 are sketched to present the influence of the volume fraction ¢ on ve-
locity, temperature and concentration profiles. The nanoparticle volume fraction
parameter ¢ is varied from 0.0 (0%) to 0.2 (20%). The nanoparticles used in the
study are copper (Cu) and alumina (AlyO3). Figure 4.2 shows the impact of the
volume fraction on the fluid velocity. In this figure, we observe that the velocity
increases with an increase in the volume fraction of nanoparticles for C'u-water
while the effect of “nanoparticle volume fraction” ¢ parameter for AloOsz—water on
the velocity profile in the boundary layer. It is observed that the velocity profile
is zero at the surface, increases and tends to unity as the distance increases from
the boundary. Increasing values of the nanoparticle volume fraction parameter is
to decrease the velocity profile for Al,Os—water.

Figure 4.3 elucidates the effect of the volume fraction on temperature profile.
Analysis of the graph shows that the increasing values of the nanoparticles vol-
ume fraction parameter ¢ is to enhance the temperature profile and tends asymp-
totically to zero as the distance increases from the boundary for both C'u-water
and AlyOs—water. Also the thermal boundary layer for nanoparticles, namely C'u-
water, is greater than that of pure water. This is because nanoparticles volume
fraction parameter has high thermal conductivity, so the thickness of the thermal
boundary layer increases.

Figure 4.4 delineates the impact of the volume fraction ¢ on the concentration
profile h. A decreasing behaviour is found in the dimensionless concentration h
for Cu-water and increase marginally for Alo,Os—water for the dimensionless con-
centration h.

Figures 4.5-4.7 present the impact of the magnetic parameter on the velocity,
temperature and concentration profiles. Figure 4.5 shows the effect of magnetic
parameter M, that employs viscous drag force on the flow which results in the
deceleration of momentum, therefore with the increase of M the velocity bound-
ary layer thickness increases. Velocity profile shows that with increasing values

of M the velocity increases. Figure 4.6 is prepared to visualize the impact of the
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magnetic parameter M on the temperature 6(n). It is observed that increasing
the value of M results in the decrease of thermal boundary layer thickness.
Figure 4.7 displays the effect of the magnetic parameter M on concentration pro-
file. The higher values of M decrease the concentration profile. From these figures
the fact that an opposing force is generated by the magnetic field, generally re-
ferred as the Lorentz force, which increase the motion of the fluid resulting in a
decrement in the momentum boundary layer thickness and increment in the ther-
mal and concentration boundary layer thickness.

Figure 4.8 elucidates the effect of the radiation parameter R on the temperature
profile. The dimensionless temperature profile and the thermal boundary layer
thickness increase gradually with an increase in the values of the radiation param-
eter R. Physically, it strengthens the fact that more heat is produced due to the
radiation process for which the temperature profile is increased.

The outcome of Ec on the temperature profile has been characterized through
Figure 4.9 for both Cu-water and Al,Os-water. Physically, the Eckert number de-
picts the relation between the kinetic energy of the fluid particles and the boundary
layer enthalpy. The kinetic energy of the fluid particles rises as Fc¢ assumes the
larger values. Hence, the temperature of the fluid increased and therefore, the
associated thermal boundary layer thickness is enhanced.

Figure 4.10 portrays the influence of chemical reaction parameter v on the con-
centration profile, while other parameters are fixed for both C'u-water and AlyO3-
water. Concentration falls when chemical reaction parameter ~ increases. Fur-
thermore, the larger values of v result in a decrement in the chemical molecular
diffusion and hence the concentration profile de-escalates and the associated con-
centration boundary layer thickness is reduced. This result is true in the cases of
destructive chemical reaction v > 0 and generative chemical reactiony < 0.
Figures 4.11-4.13 are framed to delineate the impact of higher order of chemi-
cal reaction n on the velocity, temperature and concentration profiles. Figure 4.11
clearly reveals that the velocity of C'u-water nanofluid is high than the Al,Os-water
nanofluid. It is evident from the Figure 4.12 that the temperature of C'u-water

nanofluid is less than the Al,Os-water nanofluid. In Figure 4.13 the concentration
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profile increases with higher order chemical reaction parameter. For higher order
reactions, the rate of increase in the concentration is less as compared with lower
order reactions. Here numerical solutions are equipped in the range of 1 < n < 3.
To expose the effect of the permeability parameter P on the dimensionless veloc-
ity, temperature and concentration profiles, Figures 4.14-4.16 are sketched. Figure
4.14 depicts that an increases in the permeability parameter P velocity profile in-
crease effectively. Physically, an increase in the permeability material correspond
to large void section thus increases in the velocity profile. From Figure 4.15, it
is noticed that higher values of the permeability parameter P than decreases the
temperature profile. Actually by the increasing permeability of medium we are
decreasing the viscous effects then low heat is produced which reduces the temper-
ature profile. Figure 4.16 depicts the impact of permeability parameter P on the
concentration profile. By increase in the permeability parameter P, the concen-
tration profile decreases marginally. Moreover, the concentration boundary layer
thickness also shows a declining behaviour.

Figures 4.17-4.19 are sketched to show the impact of inclined magnetic field o on
the velocity, temperature and concentration distributions. Figure 4.17 depicts the
impact of inclination angle o on the velocity. Physically an increase in the incli-
nation angle we are actually increase the Lorentz force which are friction forces
thus correspondingly the decreases velocity profile. Figure 4.18 divulges the tem-
perature distributions for the boosting values of a. Physically by increasing the
inclination angle we are increase the Lorentz force which generate more heat and
thus increase the temperature profile. Figure 4.19 is displayed to analyze the im-
pact of the inclination angle v on concentration profile. From the graph of this
figure it is clear that the concentration profile is intensified for the growing values

of the a.
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Chapter 5

Conclusion

In this thesis, we reviewed the work of Mabood et al. [48] and extended with the
effect of Joule heating and inclined magnetic field. First of all, momentum, energy
and concentration equations are converted into the ODEs by using an appropriate
transformation called similarity transformation. By using the shooting technique,
numerical solution has been found for transformed ODEs. Using different values
of governing physical parameters we presented the results in the form of tables
and graphs for velocity, temperature and concentration profiles. Concluding all

arguments and results we summarized our findings as follows:

The volume fraction of nanoparticles decelerates the velocity for AloOs—water

nanofluid whereas an opposite trend has been observed for the C'u-water.

e The temperature escalates for both Cu-water and AlosOs—water whereas the
concentration falls for C'u-water and climbs marginally for Al,Os—water for

the larger values of the volume fraction of nanoparticles.

e The magnetic parameter increases the velocity whereas an opposite trend
has been observed for the temperature and concentration profiles for both

types of nanofluid Cu-water and Al,Os—water.

e The heat transfer rate escalates for the radiation paramter for both C'u-water
and Al,Os—water.
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e The Eckert number accelerates the temperature profile for both nanofluid

Cu-water and Al,Os—water.

e The higher values of chemical reaction parameter escalates the concentration

profiles.

e The temperature falls whereas the velocity and concentration escalates for

the larger estimation of the higher order chemical reaction parameter n.

e The higher estimation of the permeability parameter escalates the velocity
profile, but an opposite behaviour has been observed for the temperature

and concentration profiles.

e The inclination angle a decelerates the velocity whereas an opposite trend

has been observed for the temperature and concentration profiles.
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